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Abstract—In the field of molecular communications (MC)
new transport phenomena for the transmission of information
have to be investigated. Especially the diffusion of particles
in fluids serves as a channel model in MC. The dynamics
of diffusion processes can be modeled by the application of
functional transformations. They lead to powerful semi-analytical
models, which offer advantages over pure numerical models, e.g
low run-time algorithms, high variability, analytical relation to
parameters from communications theory, and the extendability
to different kinds of boundary conditions.

I. PROBLEM DESCRIPTION

Conventional communications techniques rely on the prop-
agation of electromagnetic waves. For biology-inspired com-
munication also other transport phenomena as carrier of infor-
mation have to be investigated [1], [2]. Most MC processes
use particles to convey information, therefore their diffusion
in a suitable fluid is of interest.

Exact analytical or semi-analytical models serve different
purposes and offer several advantages over purely numerical
models. Beside their usage as template for an algorithm to
simulate a diffusion process and to compute particle con-
centrations under given conditions, they can be used in an
engineering point of view. Analytical models allow to design
diffusion processes according to given specifications and an-
swer questions like: Which diffusion parameters and boundary
conditions are necessary to achieve a desired channel-capacity
in a MC channel?

A suitable modeling technique uses functional transforma-
tions, which are based on modal expansion of an initial-
boundary-value problem [3]. These modeling techniques offer
several benefits: They lead to suitable semi-analytical models
(see Sec. II) [4] and they allow to adjust their boundary
behavior using a feedback structure (see Sec. III) [5].

II. MODELING APPROACH

The Functional Transformation Method (FTM) is a suitable
approach to represent systems described by an initial-boundary
value problem in bounded domains. The method is based on
a modal expansion into eigenfunctions [3].

Most MC channels including diffusion, flow, and external
forces can be described by an initial-boundary-value problem

This work has been supported by the German Research Foundation
(Deutsche Forschungsgemeinschaft, DFG) under grant number RA 801/6-1.

in the bounded region x ∈ V . The proposed modeling ap-
proach can be applied to problems formulated in the following
unified form [

∂

∂t
C −L

]
y(x, t) = fe(x, t), (1)

with a capacitance matrix C and the spatial differential
operator L. The time variable is denoted as t, and the vector fe

includes all sources exciting the system. The vector y contains
all biochemical quantities (concentrations, fluxes, etc.).

The expansion of the system (1) into eigenfunctions is
described by an integral transform on the spatial region

ȳ(µ, t) = T {y(x, t)} =

∫
V

K̃(x, µ)Cy(x, t)dV, (2)

where the vector K̃ is the eigenfunction for the forward
transformation and ȳ is the transform domain representation
of the vector y. With suitable eigenfunctions K, the inverse
transformation can be expressed as a generalized Fourier series
expansion

y(x, t) = T −1{ȳ(µ, t)} =

∞∑
µ=−∞

ȳ(µ, t)K(x, µ). (3)

Both eigenfunctions K, K̃ are unknown in general. For each
problem (1) they can be determined as the solution of an
arising eigenvalue problem [3]. The integer index µ is the
index of eigenvalues sµ of the MC channel [3]. The inverse
transformation (3) is a semi-analytical solution for the initial
boundary value problem and can be interpreted as an analytical
description of the MC channel described by (1).

III. ADJUSTABLE BOUNDARY CONDITIONS

The complexity of the FTM in Sec. II highly scales with the
complexity of the boundary conditions of the initial boundary
value problem [4], [5]. For the modeling of a realistic MC
channel especially the incorporation of realistic boundary con-
ditions (e.g. semi-permeable membranes on a cell boundary)
is very important.

As shown in [4], the direct incorporation of non-
homogeneous boundary conditions is not recommended, since
the determination of the eigenfunctions in (2) and (3) may be
difficult. Instead, the system is modeled with the most simple
homogeneous boundary conditions first. Then the realistic
boundary conditions are incorporated by a feedback loop with
a matrix F attached to the system as shown in Fig. 1 [6].
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Fig. 1. Feedback loop structure to realize a process model with realistic
boundary conditions [5].

Extending the described feedback structure introduces a
block based modeling approach for diffusive processes [5].
It allows the interconnection of different channel models.
Fig. 2 shows the schematic interconnection of two diffusive
cell models by a suitable membrane model. It can be realized
by the feedback structure from Fig. 1. Each single block in
this structure is represented by a state-space description (see
Sec. IV).
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Fig. 2. Schematic of a cell interconnection model. Two simple diffusive cell
models are interconnected by a suitable membrane model [5].

IV. MC CHANNEL MODELING PROCEDURE

Considering a MC channel in the form of (1), where
particles are injected into the channel by an impulse-like initial
condition yi. The boundary of the channel is a semi-permeable
membrane. The goal is to derive an analytical description of
the channel impulse response.

In the first step (see Sec. II), the semi-permeable membrane
at the boundary is ignored. Instead a simple boundary condi-
tion (e.g. zero flux, zero concentration at the boundary) is
assumed. By the application of (2) and (3) a channel model
with simple boundary conditions is designed. The solution in
the time domain can be formulated in a state-space description
[5], with

ȳ(t) = eAtȳi, y(x, t) = C(x)ȳ(t). (4)

The matrix A is a diagonal matrix of eigenvalues sµ, matrix
C(x) is a reformulation of the sums in (2). ȳi is a vector form
of the initial condition. The equations (4) are an analytical
form of the channel impulse response (with simple boundary
conditions) at any point x on the volume.

In the second step following Sec. III, the realistic boundary
conditions (semi-permeable membrane) are realized by a feed-
back loop with a boundary matrix F containing the influence
of the realistic boundary conditions. This leads to a modified
state space description, as

ȳ(t) = e(A−F)tȳi, y(x, t) = C(x)ȳ(t). (5)

The equations in (5) are a semi-analytical description of the
MC channel with realistic boundary conditions, derived from
(4). By the application of an impulse-invariant transformation,
a simulation algorithm in the discrete time domain can be

derived, which has low run-times compared to numerical
simulations.

V. BENEFITS OF THE MODELING APPROACH

The proposed semi-analytical modeling approach offers
many advantages over purely numerical models.

The complexity of the proposed solution can be scaled
(length of the sum in (3)). This reveals a trade-off between
run-time and accuracy. For small ranges of µ, the accuracy
decreases, but also the run-time drops clearly. Dependent on
the purpose of an experiment, the complexity can be adjusted.

The fact, that the solution stays analytical for arbitrary
complex diffusive channels reveals also several benefits, as an
analytical description of the channel impulse response can be
easier related to parameters from communications theory (e.g.
inter-symbol interference), using a suitable receiver model.

VI. CONCLUSION AND FURTHER WORKS

This contribution presented a conceptional description of
modeling techniques for MC channels/system based on modal
expansion. The resulting models allow analytical descriptions
of MC systems and lead to low-runtime algorithms with high
accuracy. By techniques from control theory, the boundary
behavior of the models can be adjusted to different kinds of
boundary conditions.

Based on the presented modeling approach, the follow-
ing further works can be addressed: The channel model is
represented by a state-space representation (see Sec. IV).
This allows the application of model-based machine learning
techniques, e.g. for channel parameter estimation. A Kalman
filter, e.g. can estimate a non-constant diffusion coefficient in
a given molecular communications channel. For a complete
reaction-diffusion channel model also the types of molecules
and their reactions have to be specified [7]. Analogously to the
incorporation of different boundary conditions (see Sec. III),
linear and non-linear reaction terms can be included into the
model.
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