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Abstract—Molecular signaling underpins multi-scale biological
functionality and synthetic systems have the potential to connect
nano-devices. A key challenge is to characterize molecular in-
formation propagation in complex fluid dynamic environments
with turbulence. In this paper, we use empirical simulation
results to fit a double exponential channel model to a turbulent
diffusion channel. The key observation is that the information
plume in high Reynolds numbers separates into two parts: 1)
a turbulent vortex ring, and 2) a lagged tail response that
will severely increase inter-symbol-interference. The tractable
function developed here map to existing research and will help
future communication analysis.

I. INTRODUCTION

Existing literature has predominantly used isotropic
diffusion-advection channel models due to their tractable ex-
pressions [1]. It is imperative to develop understanding of
more realistic models by solving Navier-Stokes equations with
turbulence. Some recent studies considered isotropic turbulent
diffusion [2], whereby in order to obtain tractability, only a
uniform flow velocity was considered. Due to this simplifi-
cation of the velocity profile, they are unable to predict the
spatiotemporal interaction between the information molecules
and the background fluid. Other related work have considered
the impact of stochastic diffusivity [3] and obstacles [4], but
these are limited to Brownian motion channels.

In order to fully model turbulent diffusion with an
anisotropic and time-varying velocity profile, the Reynolds-
averaged Navier-Stokes (RANS) equations needs to be con-
sidered [5]:
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where c represents density or concentration which depends
on , . represents time-averaged value, and µ is dynamic
viscosity of the fluid. The cuj
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∂xj
represents the change in

mean momentum of fluid element owing to the unsteadiness
in the mean flow and the convection by the mean flow.
This is balanced by the mean body force f i, the isotropic
stress from the pressure field pδij , the viscous stresses, and
apparent stress −cu′iu′j owing to the fluctuating velocity field
(Reynolds stress). For continuity, in the Eulerian approach,
for any infinitesimal volume at a specific space and time,
the concentration c must satisfy the continuity equation:
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+R(c)+S(x, t), where uj is the velocity,

xj is the direction, D is the diffusivity, R(.) is the reaction
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Fig. 1. Example of the concentration contour at different times after injection.
The nozzle is at the top of the tank facing downwards. Subplot a) shows lack
of formation of lagged tail (t = 3min) in low Reynolds number (Re=2000).
Main subplot b) shows the separation of the jet puff (t = 3min) into a vortex
ring and a lagged tail in high Reynolds number (Re=24000). Subplots c-e)
show the jet puff at different times t = 0− 3min in Re=24000.

rate, and S is the rate of emission. If we assume that there is
no reaction and the molecular diffusion term is negligible, then
there is still no solution for a spatiotemporal varying velocity
uj . Whilst there are statistical approximate solutions in the
form of eddy diffusivity, general tractability is still a challenge
for modeling turbulent diffusion processes.

In this short study, we overcome the aforementioned limita-
tions in [2], by using an industrial standard simulation platform
(COMSOL multiphysics finite element solver) to generate a
large volume of reliable concentration data. Then, we fit this
data to well-established exponential functions used in diffusion
studies (e.g. first hitting distribution [1]).The familiar functions
allow previous research methods and results to be applied and
may be used by the academic community to further improve
future research.

II. SYSTEM SETUP & OBSERVATIONS

We simulate information molecule propagation in a large
enclosed environment (10 × 10m is equivalent to infinite
boundary). The injection nozzle is at the top of the tank
facing downwards, and the effects of buoyancy (gravity) are
not considered. The information is represented by a water
jet (initial velocity 6 m/s) injected into water. The variable
diameter of the injector nozzle R was changed from 1 mm to
4 mm. To observe the concentration profiles, we assume the
equivalent of a passive receiver, which is appropriate for many
optical detector systems.

At low Reynolds numbers (Re≤ 2000), the injected liquid
produces a standard single puff (Fig.1a), as the difference
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Fig. 2. Concentration distribution versus time for different injector diameters
R at the distance of d = 2m from the injector.

between the momentum force of the ejected fluid and static
water is not significant.

At high Reynolds numbers (Re≤ 24000), due to the
difference in momentum force between the injected molecule
puff and the static water, a resultant cone shape is created that
defines the boundaries of the injected water where there are
some vortices that lead to the separation of the core puffs into
two parts:

1) A turbulent vortex ring (Re=8000) [6], which is the
part that goes with the main jet stream and have the
maximum velocity (see Fig.1b-1).

2) Less well understood is the second part of the puff which
has lagged behind the aforementioned vortex ring (see
Fig.1b-2), commonly seen in high Reynolds jets [7].

Also, the formation of the lagged tail can be seen in Fig.1c to
Fig.1d. As shown in Fig.2, a second local maximum appears
and the local peak concentration increases with the nozzle
diameter.

III. CLOSED FORM OF CONCENTRATION DISTRIBUTION

In the existing literature, there is familiarity in using ex-
ponential distributions to represent the channel model [1].
This has theoretical basis in Browning motion (i.e., solutions
to PDEs under Fick’s Laws of Diffusion), but can still be
useful as an approximation function to empirical data, when
describing the more complex turbulent diffusion process.

In general, we wish to fit our concentration data to a
generalized version of the exponential function which is called
Inverse Gaussian (IG) Distribution used in the first pas-
sage time analysis of a Brownian particle [1]. As there are
two peaks in the concentration profile, a summation of two
versions of exponential function will be used to model the
concentration rate (mol/m/s):
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Mapping Eq.(2) to our knowledge of turbulent diffusion, the
following is obtained from the data: vi is the local velocity
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Fig. 3. Example of a double exponential function fitted to the numerical
results of the concentration-time profile with a log-scale (time) representation.

of the fluid, di is the distance of the point of interest from
the injector, and ti is the time elapsed since first molecules
arrive at di. The following parameters are fitted to the data:
Di is the combined molecular and turbulent diffusion process
and Mi is the number of molecules in each part of the puff.
In Fig.3, we give a specific example of curve fitting. The
parameters in this case are: (D1 = 0.021, D2 = 0.001,M1 =
0.61,M2 = 21.45). The fitting results can be improved by
using a weighted average of the velocity profile, as opposed
to the instantaneous local velocity.

IV. CONCLUSIONS & FUTURE WORK

In this paper, we model turbulent diffusion with anisotropic
velocity distribution and discover that high Reynolds puff
separates into a main vortex ring and a secondary lagged tail.
This can be well approximated by summation of exponential
functions, and familiarity of the functions allows mapping
of existing research to more realistic channel models. Future
work will focus on characterizing analytic solutions to the
turbulent diffusion process with consideration to reactions
and sequential transmission patterns. We intend to: 1) find a
physical relationship between the curve fitting parameters and
the physical system, and 2) validated our proposed models
using experimental results with a Particle Image Velocimetry
(PIV) flow field analysis tool.
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